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1. (a) A point travels 8 units from A; to As, then turns left and travels 4 units
upwards to As, as shown. At each stage, after the first one, the point moves left
by half the distance of the previous stage. This pattern continues indefinitely.

A,

3

‘AA Ay

(i) Find the length of the line segment [AjgA11].
(ii) Find the total length of all line segments, if the pattern continues indefi-
nitely.

(iii) Determine the orientation (vertical or horizontal) of the line segment [Asg17, Asgis]-

(b) Find the sum of all natural numbers not exceeding 2018 which are divisible by
11.

n(n —3
(c) Prove that the number of diagonals in an n-sided polygon is %, where

n > 3.

2. (a) An alloy is a mixture of metals. One alloy is made up of 25% copper and 75%
tin. Another alloy is made up of 80% copper and 20% tin. The two alloys are
melted together and give a mixture of 50% copper and 50% tin. If the mixture
weighs 330g, find the masses of the original alloys.



(b) The point P(z,y) lies on the line 4z + 3y = 12 as shown in the diagram, and

ORPS is a rectangle.

\
dx+3y=12
R P(x.y)
0 S

(i) Express the coordinates of P in terms of x only.

\x

(ii) Write the area of the rectangle ORPS in terms of x.
(iii) Find the maximum area of the rectangle ORPS.

4
3. (a) Differentiate the function f(z) = 4x+— for x # 0. Hence find the coordinates
x

of the minimum and maximum turning points.

(b) Find the equation of the tangent to the curve y = xe” at the point (0, 0).

(c) A cylindrical metal rod has a radius of r cm and length of 4r cm.

(i) Express the volume V' of the rod in terms of r.

(ii) If the volume is increasing at the rate of 8 cm® per second, find the rate,
in cm per second, at which the radius is increasing when the radius is 2

cm.



4. (a) A velocity-time graph is shown below.

6
Velocity [m/s] B

5

4

0 1 2 3 4 5 6 7 8 ] 10 11

Time [s]

(i) The slope of a line on a velocity-time graph represents the acceleration of
the object. What is the acceleration in the sections A, B and C' of the
graph above?

(ii) The area under this velocity-time graph represents the distance travelled.
Find the distance covered by the object in the graph above.

(b) Find the following integrals.

(i) / (sinx + %) d
(ii) /1 2 (:c? + %) dzx

5. (a) The height of water in a harbour on a certain day changes between 0.6 metres
at low tide and 3 metres at high tide, and can be modelled by a trigonometric
function whose graph is shown below.

Height [m]

1 2 3 4 5 6 7 8 Q 10 1" 12 13 14 15 16 17 18 19 20 7 22 23 24 °
Midday

Time in hours

If a ship requires a minimum water level of 2 metres to safely navigate, use
the graph to estimate the maximum amount of time that the ship can spend
in the harbour, without resting on the sea-bed.



(b) The graph of a trigonometric function y = f(x), where x is in degrees, is
shown below. The coordinates of the points A and B are (—30,—1) and (15, 2)
respectively, and B lies on the midway line.

JUTV VU

(i) Find the coordinates of the points C' and D.
(ii) Write the amplitude and the period of the function above.
(ii) Write the equation of the graph.

6. (a) Write the following in the form a + bi, where a,b € R and * = —1.

(i) (2"

2+ 3i
(ii) .
—1+3
. 1 V3 .
(b) Let z be the complex number given by z = —= + —i, where > = —1.

2 2

1 V3 1 V3
(i) Calculate the product —3 + 7@ <—§ + 7@) and write your answer
in rectangular form a + bi, where a,b € R.
(ii) Find the modulus and argument of z.
(iii) Write z in polar form.
(iv) Using de Moivre’s theorem, or otherwise, calculate 2* to confirm that 2* =
z.

(v) Hence find the four complex numbers w such that w? = z and illustrate
them on an Argand diagram.
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1. (a) A circle ¢ passes through the points A(0,0), B(6,0) and C(6,8).
(i) Find the equation of the circle c. Write the length of the radius and the
coordinates of the centre.
(ii) Find the measure of the angle BC'A, correct to the nearest degree.
(iii) Find the equation of the tangent [ to the circle at C.

(iv) Find the coordinates of the points where [ cuts the x-axis and the y-axis
and hence, find the area of the triangle formed by [ and the two axes.

(b) Assume the earth is a sphere with radius 6371 km. On the diagram, circle
c1 represents the equator and cy represents the circle that is at latitude 45°.
Both circles are on parallel planes. The point O is the centre of the earth
and the point P lies at latitude 45° north of the equator. Find the length
(circumference) of ¢; to the nearest km.

6371 km




2. (a) A ball is packed in a cube with the edge length of 10 cm and it touches all the
faces of the cube. What percentage of the cube is unoccupied?

(b) Five identical balls fit exactly into a rectangular box of width 20 cm, as shown.
Find the volume of the box.

20 cm

O Y )

3. (a) Find the equation of the line ! through the point (—3,4), which divides the
line segment from (—6,2) to (—3, —4) internally in the ratio 1 : 2.

(b) Let ABCD be a parallelogram whose vertices have coordinates A(2, —1), B(4,0),
C(5,3) and D(3,2).

(i) Find the area of the parallelogram ABCD.

(ii) Let P be any point on the line segment [C'D]. Prove that the area of the
triangle ABP is half the area of the parallelogram.

4. (a) Find the missing length y in the diagram below, correct to two decimal places.

720




(b) A vertical 50 metres high tower and a vertical column are situated on horizontal
ground. From the foot of the tower, the angle of elevation of the top of the
column is 60°, while from the top of the tower, the angle of elevation is 30°.
Find the height of the column.

50m

60"

5. (a) How many arrangements are there of the letters LEAVING:

(i) if there are no restrictions,
(ii) if AE are side by side, in that order,
(iii) if A and E are separated,
(iv) if consonants and vowels alternate?
If three letters are chosen at random from the word LEAVING without re-

placement, what are the chances that the first letter is N, second is I and third
is L?

(b) How many triangles can be formed from six points regularly spaced on the
circle, as shown in the diagram. How many of those triangles are isosceles?



6. (a) A coin is tossed five times.

(i) What is the probability of getting three heads and two tails?
(ii) Find the probability that the third head occurs on the fifth (last) toss.

(b) Suppose that in a certain diagnostic screening programme the probability of a

misdiagnosis is —. In a sample of 100 cases independent of each other, what

is the probability that 5 cases were misdiagnosed?

(c) A jury of 12 people is selected from a group of 10 men and 10 women. Find
the probability that the jury selected has more women than men.
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1. (a) The length of each side in an equilateral triangle A; B1Cy is 24 cm. The mid-
points of each side are joined to form a new equilateral triangle A; BoCs. This
pattern continues indefinitely.

Gy

(i) Find the length of the perimeter of the fifth triangle in the sequence.
(ii) Find the length of the perimeter of the nth triangle in the sequence.

(b) How many terms of the arithmetic sequence 3,7, 11, ... must be added to give
a total of 9907

(c) Twenty water tanks are decreasing in size so that the volume of each tank is
half the volume of the previous one. The first tank is empty, but the remaining
19 tanks are full of water. Explain if it is possible for the first tank to hold all
of the water from the other 19 tanks.



2. (a)

(b)

3. (a)

(b)

4. (a)

A restaurant bill that comes to €200 is to be divided equally among a group of
people. However, three people leave before the bill is settled and the remainder
of the group have to pay an extra €15 each. How many people were originally
in the group?

The rate of change of a population of bacteria can be modelled by the differ-

ential equation — = kP, where k is a constant and P is the population size
at time ¢, ¢ is measured in minutes.

: Kt , : : . dpP

(i) Show that P = Ce™ is a solution to the differential equation i kP.

(C'is a constant.)

(ii) If the population has grown from its initial size of 1000 to 32000 in 60
minutes, find the value of k.

A stone is thrown vertically upwards. The height h (in metres) of the stone
after ¢ seconds is given by

h =1+ 10t — 5¢.

Find:
(i) the initial height,
(ii) the velocity when t = 2,
(iii) the maximum height reached by the stone.

An oil spill occurs off-shore in an area of calm water with no currents. The oil
is spilling at a rate of 4 x 10 cm?® per minute. The spilled oil forms a circular
oil slick 1 millimetre thick.

(i) Write an equation for the volume of oil in the slick, in cm?, when the radius

1S r cm.

1mm

\_/,

(ii) Find the rate, in cm per minute, at which the radius of the oil slick is
increasing when the radius is 50 m.

Differentiate the following with respect to z.
(i) (3z +2)?
(ii) e+ x

(iii) e cos(2x)



(b) By differentiating y with respect to x, find an equation of the tangent to the

curve y =

1
Al1,<).
2™ (’2

uk

5. (a) Find the following indefinite integrals.

(i) [(2® = Tz + 2)dx
(ii) [ cos(2z)dx
(iii) [e**dx

alculate the area of the region bounde the curve y = —2x“ + 42 and the
(b)Cll h f th gion b ded by th Y 2¢% 4+ 4 d th

line y = >

L /N

6. (a) Write the following in the form a + bi, where a,b € R and * = —1.
(i) (1+4)(1+1)
33—
W) =5
(b) Given is a complex number z = —1 + v/3i.

(i) Find the modulus and argument of z.

(ii) Write z in polar form.
(iii) Using de Moivre’s theorem, or otherwise, evaluate (—1 4 v/3i)'®.

(c) Solve the equation z? 4+ z + 1 = 0, where z € C.
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1. Given is a circle s with equation
st 24yt 4 +2y—12=0

and the point P(7,1) outside the circle.

(a) Find the length of the radius and the coordinates of the centre C.

(b) Find the length of the tangent from the point P to the point ) on the circle s.
(c) Find the equations of the two tangents from P touching the circle at @ and R.
(d) Find |ZQPR)|, correct to the nearest degree.



2. (a) The graph of y = cos(z) and the graph of y = —0.5 are shown below. Find the
coordinates of A, B and C.

: ‘\_B c / .
] \_/

(b) Two cars M and N travel away from O as shown. Car M moves at a constant
speed x km/h and car N moves at a constant speed y km/h. How far apart
are they after ¢ hours. [Hint: Cosine rule can be used.]

3. (a) The shaded area in the diagram below represents a lawn area in a rectangular
garden. If the area of the garden is 320 m?, find the area of the lawn.

B o

(b) Oil flows through a cylindrical pipe at a constant speed of 1.5 m/s. The internal
diameter of the pipe is 1.2 metres.

i.

11.

The rate of flow of a liquid in a pipe is the volume of liquid which passes
through the pipe per second. Calculate the rate of flow of oil in the pipe.

The oil is collected in cylindrical tanks of base diameter 10 m and height
20 m. Find the time it takes to fill one such tank, correct to the nearest
minute.



4. (a) Find the equation of the perpendicular bisector of the line segment [AB], where
A(=7,5) and B(13, —11).

(b) The three points A(a,0), B(0,b) and O(0,0) form a triangle of area 27 square
units. The point P(4,3) is on the line AB. Find a and b.

\ B(0,b)

P(4,3)

0(0,0) A(a,0)

5. (a) Two circles, each of radius 4 cm, intersect at the points C' and D, as shown.
The distance between the centres of the circles, A and B, is 6 cm.

C

D

(i) Find the measure of the angle C'AD, correct to two decimal places.
(ii) Hence, find the area of the shaded region, correct to one decimal place.

(b) A cylindrical container, with base radius 9 cm and height 20 cm, is filled with
water to a height of 14 cm. Find the least number of solid spheres of radius 3
cm that must be submerged in the water to cause the water to flow out of the
top of the cylinder.

6. (a) A PIN code for a debit card consists of four digits.

(i) How many different codes are possible?

(ii) A thief has stolen a debit card. He does not know the complete code, but
knows that there are at least two zeros in it. How many different possible
codes fit this description?

(b) Each of the first six prime numbers is written on a separate card. The cards
are shuffled and two cards are selected without replacement. What is the
probability that the sum of the numbers selected is prime?

(c) Four letters are chosen at random from the word EXAMINATION without

replacement. What are the chances that the first letter is E, second is X, third
is I and fourth is T?
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1. (a) A building site can be approximated by a pentagon as shown below.

22.2m
m;ﬁ in

| 296m

l i

(i) Find the area of the site.
(ii) A hectare is 10000 m?. What fraction of a hectare is this site?

(b) The line y = 0.5 intersects the graph of the function y =sinz (0 <z < 7) at
the points A and B. Find the length of the line segment [AB].

2. (a) Find the values of a and b given that

4cos?f — 3

O T 4 bsing
1 _osmg _oTosm

holds for all 8 such that sinf # %

1



(b) The diagram shows a metal washer. The line segment [DC] is 36 mm long.

= —
.'"r /r_\\‘,\\'

| |

\ P

N \_.______,//
Ne .

(i) Find the area of the shaded region.
(ii) If the washer is 0.1 cm thick find the volume of metal in the washer.
(iii) If 1 cm?® of the metal has mass 5g, find the mass of the washer.

(iv) If the material from which the washer is to be manufactured costs €250
per tonne, find the cost of the material required to manufacture 120 000
washers.

3. (a) Find the length of the tangent from the point (—9,3) to the circle
(x—2)*+ (y—1)* = 25.

(b) Find the values of k for which x + 4y + k = 0 is a tangent to the circle
22+ —20+2y—15=0.

(c) Thecircles ¢; : (x+3)?+ (y+2)? =4 and ¢ : 22 +y* — 20 — 2y — 7 = 0 touch
externally.
(i) Find the coordinates of the point of contact of ¢; and cs.

(ii) Hence, or otherwise, find the equation of the tangent common to ¢; and
Co.

4. (a) Find all the positive values of x and y which satisfy the following system of
equations:
x + zy + vy = 26,

2y + 2%y + 2%y* = 156,
(b) A shop assistant is arranging a triangular display of tins so as to have one tin
in the top row, two in the second, three in the third row and so on. If there

are 100 tins altogether, how many rows can be completed and how many tins
will be left over?

(c) Ty, Ty, Ts, ... is an arithmetic sequence with common difference 1. Given that
Ti+T5 + ... + Tog = 137, find the value of T + Ty + T + ... + Tos.



5. (a) There is a pole in a lake. One-half of the pole is in the ground, another one-
third of it is covered by water, and 9 metres is out of the water. What is the
total length of the pole in metres?

(b) Solve for z the following equation — = e — 1.
efl'

3
(c) Find all the solutions to the equation cos A + sin A = \/; in the domain
0<A<LT.

6. (a) Determine (1 +4)® in its simplest form.
(b) The complex number z satisfies the equation |z| = |z + 2|.

(i) Show that the real part of z is -1.

(ii) That complex number z also satisfies |z| = 2. Find the two possible values
of the imaginary part of z.

(iii) Show these two possible values of z on an Argand diagram and write them
in polar form.

(c) Find the value of k such that the product (2 4 3i)(2 + ki) is a real number.
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1. The lines Ly : 3z + 4y +4 =0 and Ls : 5z + 12y + 28 = 0 cut the z-axis at points
A and B respectively.

(a) Find the coordinates of A and B.
(b) The lines Ly and Ly intersect at P. Find the coordinates of P.

(c) Let K(k,0) be a point on the line segment [AB] which is equidistant from L,
and Lo. Find (i) the coordinates of K and (ii) its distance from L, and Lo.

(d) Hence, or otherwise, find the equation of the line bisecting the acute angle
between L; and Ls.

2. (a) An access code to a computer system consists of two different letters followed
by three different digits.

(i) How many different codes are possible?

(ii) A user has been given a code, but cannot remember it fully. All that the
person can remember is that the first letter is C and the first digit is 0.
How many different possible codes fit this description?

(b) Each of the first six prime numbers is written on a separate card. The cards
are shuffled and two cards are selected without replacement. What is the
probability that the sum of the numbers selected is prime?

(c) A box contains three coins: one coin is fair, one coin is two-headed, and one

1
coin is weighted so that the probability of heads appearing is 3 A coin is

selected at random and tossed. Find the probability that a head will appear.



3. (a) The displacement, = cm, of the end of a spring at time ¢ seconds is given by
r = e *sin(207t).

Find the velocity of that end of the spring after 2 seconds.

(b) On a building site, sand is stored in a container which is 4 metres above ground.
The sand is released through an opening in the floor of the container and forms
a conical mound in which the height is equal to the diameter of its base.

(i) If the sand is released at the rate of 500 cm?® per second, show that it will
take less than 3 hours for the top of the conical mound of sand to reach
the container.

(ii) Find the rate at which the height of the mound is increasing when the
height is 2 metres.

4. The line AC is a tangent to the circle (z —7)% 4+ (y — 1)? = 20 at the point A(3, 3).
AC is also a tangent to the curve f(z) = 2? + 2z — 3 at the point C.
(a) Find the slope of the line AC.
(b) Find the equation of AC.
(c) Use two different methods to find the coordinates of the point C'.

(d) Show that the area of the circle is more than four times greater than the area
of the triangle ABC, where B is the centre of the circle.

5. (a) The graph of the function f(z) = ax?+ bx + ¢ is a curve which passes through
the points A(0, —2) and B(2,2). The minimum point of the curve is at x = 0.5.
(i) Find the values of a,b and c.
(ii) Find the average rate of change of f(x) between A and B.

(iii) Find the point on the curve where the instantaneous rate of change is equal
to the rate in (ii), above.

(b) The point O is the intersection of two roads that cross at right angles. One car
is 80 metres north of O and travels towards O at 20 m/s. A second car is 100
metres west of O and travels due east towards O also at 20 m/s.

(i) Explain why after ¢ seconds their distance apart, d, is given by

d = /(100 — 20t)2 + (80 — 20¢)2.
(ii) Show that the minimum distance between the two cars is 101/2 metres.

6. (a) Find:

™

(i) / (%%—ﬁ) de,  (ii) /O 2 cos(22) dar.

(b) The area between the curve y = 2% 4 4x and the z-axis, for 0 < z < 3, is equal
to the area of a rectangle of base 3 and height h. Find the value of h.
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1. (a) The coordinates of three vertices of a parallelogram ABCD are:
A(=5,1), B(2,4),C(1,1).

calculate the area of the parallelogram

(b) A line divides a circle of radius length 2 into two unequal arcs. Given that the

length of the smaller arc is %, determine the area of the region bounded by the
smaller arc and the line.

(¢) Determine all the values of 8, where 0 < § < 27, such that sin? = 1 — cos 6.

1
2. (a) For z > 3 solve the equation:

3
1Og5 rx=1 —+ 1Og5 <2x—1> .

(b) Find the sum of all the natural numbers less than 2015 which are divisible by 7.

(c) The volume of a rectangular solid is 8cm®, and its total surface area is 32cm?.
The three dimensions (length, width and height) are in geometric progression
(a, ar, ar?). Determine the sum of the length of all the 12 edges of the solid (in
cm).

p-t.o.



3.

(a) Find the equation of the circle passing through the points (5,5), (4,8), (=7, —3),
the co—ordinates of its centre and the length of the radius.

(b) Find the equation of the circle which touches the y—axis at the point (0, 3) and
passes through the point (1, 0). Hence find the co—ordinates of its centre and the
length of its radius.

(c¢) Find the radius and centre of the two circles in the first quadrant touching both
the r—axis and the y—axis and the line 3z + 4y = 4.

(a) If (z, y) is a solution to the system of equations (7), (i7) below

vy = 8 Q
2 2 _ ..
ry+zy +rx+y = 63 (17)
determine the value of 2% + y2.

(b) There are four points on a line. There are four other points, none of which is
on the line and no three of which are collinear. What is the greatest number of
triangles that can be formed using three of these eight points as vertices?

1 n 7
2 V2
1 i\
determine | —= + — here 1 = v —1).
(3t s) (sterei =D
2z — 31

(b) Determine the complex number z such that = —5 44 (where i = v/—1).
z

(c) Show that the complex numbers z (= z + iy) which satisfy
|z —1—i] =2z +1— 2§

(a) Writing in modulus-argument form (or otherwise),

lie on a circle.  Find the centre and radius of this circle.

(a) Consider the function f(z) := In(1+ z?). Calculate the first derivative f'(z), also
2

d d
written df Calculate the second derivative f”(x), also written el
x z
Hence or otherwise show that f(z) has a minimum at # = 0 and two points of

inflection at x = +1.
(b) Find the rational numbers a, b such that

1 a b

J(x) = (x+5)(x+7) :a:+5+x—|—7'

Let x take the values 0,1,2,...,n.
Compute f(0) + f(1) + ... + f(n).  Deduce that the area between the curve
11

y = f(z) and the positive x-axis is at most 0"
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1. (a) Find the equations of the lines represented by the equation
222 + by — 3y* + T + 14y + 5 = 0.

(b) A line containing the point P with coordinates (5,6) touches the circle 22 + y* —
4 — 4y + 4 = 0 at the point ().  Calculate the distance PQ.

(c) The lines Ly : 3x +4y+4 = 0 and Ly : bx + 12y + 28 = 0 cut the x-axis at
points A and B respectively.  Let K be a point in the segment [AB]| which is

equidistant from L; and Ly. Find (i) the coordinates of K and (ii) this distance
from L; and Lo.

2. Let A, B, C be the three angles in a triangle and let a, b, ¢ be the lengths of the sides
opposite the respective angles A, B, C. Let r denote the radius of the circle inscribed

in the triangle (and tangent to the sides of the triangle).
PROVE:

a+b+c

(a) A = sr where A is the area of the triangle and s = 5

, the so—called
semi—perimeter of the triangle.

B C
(b) r (cot Bl + cot 2> =a.

) reos = a (s 2 )
C TCOS2—CL sm2$1n2 .

p-t.o.



3.

(a) How many different 15-letter “words” can be formed from the letters of the word
UNPREPOSSESSING? Explain your answer. [Note that interchanging any
of the four letters S among themselves does not give a different “word”.]

How many of these “words” have all four S’s together?

(b) If repetitions are NOT allowed

(i) how many 3-digit numbers can be formed from the set {3,4,5,6,7,8,9}7
(ii) How many of these are ODD numbers?
(iii) How many are greater than 6007
(iv) How many are divisible by 47

(a) Show that y = Ae” + Be?®, where A and B are constants, is a solution of the

equation:
d’y . dy
— —3—=+42y=0.
dx? dz oy
d
Given that y = 1 when z = 0, and d—y = 0 when x = 0, determine the value of
x
the constants A and B.
(b) Consider the curve
2z
v= r+1

for x > 0. By differentiating y with respect to xz, or otherwise, find the equation
of the tangent to the curve at x = 1.

(a) Differentiate with respect to x:

N\ . Jrt+ 1
(i) (sinz) (ii) st (ili) 2z Inz.

(b) Find the maxima and minima of the function
flz) = 2° —2® —x +2.

and sketch its graph on the interval (—2,2) (do NOT use graph paper). How
many real roots does the function f(x) have?

(a) Evaluate the following integrals:

1 /2
/ sindx dx; / 20V 1?2 + 1 dx; / sin® = dz.
0

0

(b) Sketch the graphs of the functions y = z? and y = 2 — z (do NOT use graph
paper) and find the area between their graphs.
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3
1. (a) Consider a triangle in which two of its angles A, B are acute. Given that tan(A) = 1

5
and that sin(B) = I3’ oXpress the cosine of the third angle , cos(C'), as a fraction

22, where p, and ¢ are integers.
q

1 _
b) If sinf = e >0), express cosf in terms of z and hence show that
1+
x
T 0
tan (4 — 2) = \/.E

(c) Determine all the values of 8, where 0 < 6 < 7 such that 6 cos?() — sin(f) = 4.

2. (a) Find the smallest positive integer a, such that 2014 is a term of the following
arithmetic sequence:
a, a+7, a+14, a+21,...

(b) Find the sum of all the natural numbers less than 2014 which are divisible by 11.

(c) The volume of a rectangular solid is 8cm®, and its total surface area is 32cm?.
The three dimensions (length, width and height) are in geometric progression
(a, ar, ar?). Determine the sum of the length of all the 12 edges of the solid (in
cm).

p-t.o.



3.

(a) Find the distance from the point (5, 8) to the nearest point on the circle
2% + 2y* + 4x — 8y = 6.
(b) The z—axis is a tangent to the circle
2? + % + 29z + 2fy + ¢ = 0.
Prove that ¢ = c.

respectively. All three lines have

o | =

Y

ft

W =

Y

DO | —

(c) Three straight lines I, m, n have slope

=

the same y—intercept. Given that the sum e r—intercepts of the three lines is

36, calculate the value of the y—intercept.

o

(a) If (z, y) is a solution to the system of equations (7), (iz) below

ry = 6 (7)
Py+ay’+r+y = 63 (17)
show that 22 + y? = 69.
(b) There are four points on a line. ~ There are four other points, none of which is

on the line and no three of which are collinear. =~ What is the greatest number of
triangles that can be formed using three of these eight points as vertices?

(a) Write the complex number w = —8 + 84/3i in modulus-argument form, ie in the
form 7(cos @ + isinf) (where i = /—1).

(b) Using De Moivre’s Theorem or otherwise, show that z = /3 + i satisfies 2* =
—8 + 8V/3i.

(c¢) Show that the complex numbers z (= z + iy) which satisfy
2 —1—2i| =2z +1— 2§

lie on a circle.  Find the centre and radius of this circle.

(a) Consider the function f(x) := In(1+ z?). Calculate the first derivative f'(x), also

written —.

i
2

d
Calculate the second derivative f”(x), also written ol
x
Hence or otherwise show that f(z) has a minimum at z = 0 and two points of

inflection at © = +£1.
b 2ab
et a, b be positive real numbers. Set A = i, G =+Vaband H = ¢
b) L bb 1 b Set A V

2 a+b
(i) Show that G = VAH.
(ii) Prove that A — G > 0 with equality if and only if a = b.
(iii) Deduce that A > G > H unless a = b in which case show that A = G = H.
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1. The coordinates of three points A, B and C are: A(2,2), B(6,—6), C(—2,—3).

(a) Find the equation of the line AB.

(b) The line AB intersects the y-axis at D. Find the coordinates of D.
(c) Find the perpendicular distance from C' to the line AB.

(d) Hence, find the area of the triangle ADC.

2. (a) The letters of the word HOLIDAYS are all arranged at random.

(i) How many arrangements are possible?
(ii) How many of these arrangements contain the letter group OLD in that
order?

(b) A man is dealt five cards from an ordinary pack of 52 playing cards.

(i) In how many ways will the cards contain exactly two kings?
(ii) In how many ways will the cards contain at least one king?

(iii) In how many ways will the cards contain three of one kind and two of
another kind, for example three jacks and two aces?



. (a) The centre of a circle lies on the line © — 2y — 1 = 0. The z-axis and the
line y = 6 are tangents to the circle. Find the equation of this circle.

(b) A different circle has equation x? + y? — 6x — 12y + 41 = 0.
(i) Show that this circle and the circle in part (a) touch externally.
(ii) Find the coordinates of the point where the two circles touch.

. The function f is defined as f(x) = 2% + 32* — 9z + 5, where z € R.

(a) Find the coordinates of the point where the graph of f cuts the y-axis.
(b) Find the coordinates of the points where the fraph of f cuts the z-axis.

(c) Find the coordinates of the local maximum turning point and of the local
minimum turning point of f.

(d) Hence, sketch the graph of the function f for —5 < x < 3. Use an
appropriate scale on each axis.

0.5z

. (a) Let g(z) = —sin(4z), where x € R, and let h(z) = Y where x # —2,
x
r € R.
(i) Find ¢'(x), the derivative of g(z), and h’(x), the derivative of h(x) at
x=0.

(ii) Use the derivatives obtained in (i) to determine the measure of the
angle between the tangents to the curves g(x) and h(x) at the point

(0,1).

(b) A small rocket is fired into the air from a fixed position on the ground.
Its flight lasts ten seconds. The height, in metres, of the rocket above the
ground after ¢ seconds is given by

h =10t — t*.
(i) Find the times when the rocket will be at the height of 9 metres above
the ground.
(ii) Find the maximum height reached by the rocket.
(iii) Find the speed of the rocket after 3 seconds.

6. (a) Find:

(i) / <%+x2> de, (i) /0 % cos(2x) dz,  (iii) /0 1(3x2+ez)dx.

(b) Find the area of the region bounded by the curve y = 2 — 4 and the line
y=x+2.
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1. (a) Show that

sin ¢ ; 0
1+ cosf 2
1—
(b) If sinf = g ’ (x >0), express cosf in terms of x and hence show that
x
T 0
tan (4 — 2) = \/E

(c) Simplify the equation

cos(y—?)—?)sin(y—i-g):l

and hence (or otherwise) find one value of y which satisfies it.

2. (a) Find the sum of all the natural numbers less than 2013 which are divisible by 13.

(b) The numbers
S+x, dr+1, 343z

are the first three terms in an arithmetic progression. Find the value of x and
the sum of the first n terms of the corresponding series.

(c) Let h(x) := 32* — x. Show that the sum of the twenty numbers
h(1), h(2), h(2%),..., h(2") is equal to

220(220 o 1)

p.t.o.



3.

(a) Find the equation of the circle passing through the points (5,5), (4,8), (=7, —3),
the co—ordinates of its centre and the length of the radius.

(b) The z—axis is a tangent to the circle
2?4+ y* + 29+ 2fy+c=0.
Prove that ¢ = c.

(¢) Find the radius and centre of each of the two circles in the first quadrant touching
both the r—axis and the y—axis and the line x +y = 2.

(a) Solve the set of simultaneous equations

e + y — 2z = 3
2v + 2y — 2z = -4
2 + y — z = =3

(b) There are four points on a line.  There are four other points, none of which is
on the line and no three of which are collinear. ~ What is the greatest number of
triangles that can be formed using three of these eight points as vertices?

(a) Write the complex number w = —8 4+ 8y/3i in modulus-argument form, ie in the
form r(cos@ + isin @) (where i = /—1).

(b) Using De Moivre’s Theorem or otherwise, show that z = /3 + i satisfies 2% =
8 + 8v/3i.

(c¢) Show that the complex numbers z (= z + iy) which satisfy
2 —1— 20| =2z + 1 — 2|

lie on a circle.  Find the centre and radius of this circle.

1
(a) For z > 3 solve the equation:

3
10g5 xr = 1 + 10g5 (23:-1) .

(b) For x # 4, determine the values of x for which the following inequality holds:

r+3
—2.
x—4 =
b 2ab
(c) Let a, b be positive real numbers. Set A = G;L, G =+Vaband H = —(ll—b'
a

(i) Show that G = vV AH.
(ii) Prove that A — G > 0 with equality if and only if a = b.
(iii) Deduce that A > G > H unless a = b in which case show that A = G = H.
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1. (a) A and B are the points (—1,4) and (3,7) respectively. Find the co-ordinates
of the point that divides the line segment AB internally in the ratio 3 : 1.

(b) (i) Find the equations of the lines [; and Il through the point P with co-
ordinates (3,4) which make an angle of 45° with the line /3 having the
equation

r—2y+2=0.

(ii) Find the area of the triangle enclosed by the three lines [y, I3, l3 in part (i).

2. (a) You must choose a new 4 digit ATM pin number from the numbers 5, 0, 3, 8.
How many pin numbers in total are possible? What are the chances that your
pin number is odd?

(b) In a train there are 8 seats, with 4 facing the front and 4 facing backwards. If
5 people sit down in the carriage, how many different ways can they be seated?

(i) If two of the people don’t like sitting backwards, in how many ways can
they be arranged?

(ii) Find the probability that two particular people will sit opposite each other.

1of 2



3. (a) Write out the binomial expansion of (x + %)4 and (x — %)4. Hence, or
otherwise, find the values of p,q and r in the following equation

4 4
1 1 4 r

r+—) +lox—=) =pr +q+ —.
x x x

(b) A city council consists of 6 Liberal and 5 Labour councillors, from whom
a committee of 5 is chosen. What is the probability that the Liberals have
a majority?

4. (a) Differentiate with respect to x:

5%

(i) 22+ 32+ 1)(2® — 2 +2), (ii) T

(iii) cos(3z?).

(b) Let f(z) = #* + 3z — 1, where x € R. Consider the line [; which passes
through the point (2,0) and is a tangent to the curve f(z) at the point
(—1,-3).

(i) Find the slope of [; using a slope formula.
(ii) Find f'(x), the derivative of f(x).
(iii) Verify your answer to (i) by finding the value of f'(x) at x = —1.
(iv) The line Iy is perpendicular to [; and is also a tangent to the curve
f(x). Find the co-ordinates of the point at which [y touches the curve.

5. (a) Build a rectangular pen with three parallel partitions using 150 metres of
fencing. What dimensions will maximise the total area of the pen?

(b) A stone is thrown vertically upwards. The height s metres, of the stone
after t seconds is given by:

s = 5(4t — t%).
(i) Find the height of the stone after 1 second.

(ii) Show that the stone momentarily stops two seconds after being thrown,
and find its height at that time.

(iii) Show that the acceleration of the stone is constant.
6. (a) Evaluate the following integrals:

(i) /0 21263:5 dr, (i) / sin(3z) dr, (i) /0 2(4x—x3)da§.

(b) Draw the graphs of y = 4z and y = 2* in the domain —2 <z <2, x € R.
Find the area of the region enclosed by the two graphs.

2 of 2
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1. (a) Let @ and 3 be the two roots of the equation
2? —6x+2 = 0.

Determine the value of a® + 33.

(b) Let o and (3 and v be the roots of
P+t +r+1=0.

Prove that
Q2012 4 g2 | 2012 g
2. (a) Find the sum of all the natural numbers less than 2012 which are divisible by 11.

(b) The numbers
3+x, d5x—1, 143z

are the first three terms in an arithmetic progression. Find the value of x and
the sum of the first n terms of the corresponding series.

(c) Let h(x) := 32? — x. Show that the sum of the twenty numbers
h(1), h(2), h(2%),..., h(2") is equal to

220(220 o 1)

p-t.o.



3. (a)

(b)

Find the equation of the circle passing through the points (5,5), (4,8), (=7, —3),
the co—ordinates of its centre and the length of the radius.

The z—axis is a tangent to the circle
2? + 9% + 292 + 2fy + ¢ = 0.

Prove that ¢? = c.

Find the radius and centre of each of the two circles in the first quadrant touching
both the r—axis and the y—axis and the line x +y = 2.

1
For x > 5 solve the equation:

3
logs z = 1 4 logs <2x_ 1).

For z # 4, determine the values of x for which the following inequality holds:

z+3

< —=2.
r—4

There are three distinct points on a line.  There are four other points, none of
which is on the line and no three of which are collinear. = What is the great-
est number of triangles that can be formed using three of these seven points as
vertices?

Show that
cosa+isina+ 1

. «
— = —1cot —
cosa +isina — 1 2

(where i = v/—1).

Show that the complex numbers z (= = + iy) which satisfy
2 —1—2i] = 2|z + 1 — 2i

lie on a circle.  Find the centre and radius of this circle.

Find also the set of complex numbers z which satisfy

2 —1—2i] = |z +1—2i|.



6. (a) Determine k such that
(14 kn +2n*)(1 — kn + 2n?) = 1 + 4n*.

Hence or otherwise find real numbers a and b such that

4n, a b

14+4n* 14 kn+2n2 * 1 —kn+2n?
(b) Using part (a) or otherwise, calculate

" 4k

= 2T g

k=1
By finding nhi& Sn, deduce that

4k

=1.
T

(c) Find the least value of r such that

g4k 900
14kt T 1000
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1. (a) Theline Ly : x —y+3 =0 and Ly : 5x + y + 3 = 0 intersect at the point P.
Find an equation of the line through P perpendicular to L.

(b) The equations of two circles are:

c: (=372 +(@y—57>=5
o P4yt —20—2y—43=0

(i) Write down the centre and radius-length of each circle.
(ii) Prove that the circles are touching.

(iii) Verify that (4, 7) is the point that they have in common.

2. (a) A password for a website consists of capital letters A, B, C, ... Z and/or digits
0,1,2,... 9. The password has four such characters and starts with a letter. For
example, BA7TA, C999 and DGKK are allowed, but 7DCA is not.

Show that there are more than a million possible passwords.

(b) Six yachts compete in a race. All yachts finish the race and no two yachts
finish the race at the same time.
(i) In how many different orders can the six yachts finish the race?

(ii) A person is asked to predict the correct order of the first two yachts to
finish the race. How many different such predictions can be made?

(iii) A person selects two of the six yachts at random. What is the probability
that the selected yachts are the first two yachts to finish the race?

1of 2



1\ 10
3. (a) Consider the binomial expansion of (x + —) for x # 0. Find the coeffi-
x

4.

5.

6.

cient of z8.

(b) Prove that if n is a positive integer, then

(&)= () @) e

(c) In a café there are 11 seats in a row at the counter. Six people are seated

at random at the counter.
How much more likely is it that all six are seated together than that no
two of them are seated together?

(a) Differentiate with respect to x:

2 + a2
2—x’

(i) (42 — 5)?, (ii) (i) sin(32?).

(b) Let h(z) =1+ 3z — 2%, where z € R.

(i) Find the co-ordinates of the point P at which the curve y = h(z) cuts
the y-axis.
(ii) Find the equation of the tangent to the curve y = h(z) at P.

(iii) The tangent to the curve y = h(x) at x = t is perpendicular to the
tangent at P. Find the value of .

(a) What is the largest possible area for a right triangle whose hypotenuse is

5 cm long? What are the other angles of this triangle? Justify your answer.

(b) A ball is thrown vertically down from the top of a high building. The

distance the ball falls is given by
s = 3t + 517,

where s is in metres, and t is the time in seconds from the instant the ball
is thrown.

(i) Find the speed of the ball after 3 seconds.
(ii) Find the time ¢ when the ball is falling at a speed of 23 m/s.
(iii) The ball hits the ground at a speed of 43 m/s. How high is the building?

(a) The function f is given by the formula f(x) = 2? + 1. The tangents to the

curve y = f(x) at the points (1,2) and (—1,2) pass through the origin.
Find the area of the region enclosed by these two tangents and the curve.

(b) Evaluate the following integrals:

212
(i)/mcos (4x)d (ii / — —sin(3z) dz, (iii)/ dx.
z 1 3r —2

2 of 2
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1. (a) Let a, 8 and ~ be the three roots of the equation
23 —32  +2x+2=0.

Determine the value of o + 3% + 3.
(b) Find the roots «, (3, v of the equation

3x% — 2622 + 52 — 24 = 0.

given that the roots are in geometric progression.

2. (a) Find the sum of all the natural numbers less than 2011 which are divisible by 7.

(b) The numbers
3+, Sr—1, 1+3z

are the first three terms in an arithmetic progression. Find the value of x and
the sum of the first n terms of the corresponding series.

(c¢) Show that
2 1 2 1

n(n+1)(n+2) ﬁ_n+1+n—|—2'

Hence, or othewise, determine

> 1
2 nn+1)(n+2)

n=1

p.t.o.



3. (a) Find the equation of the circle passing through the points (5,5), (4,8), (=7, —3),
the co-ordinates of its centre and the length of the radius.

(b) Find the equation of the circle which touches the y—axis at the point (0, 3) and
passes through the point (1, 0). Hence find the co—ordinates of its centre and the
length of its radius.

(c) Find the radius and centre of the two circles in the first quadrant touching both
the r—axis and the y—axis and the line 3z + 4y = 4.

4. (a) Solve the simultaneous equations:

20 -3y = 1
2?2ty — 4P = 2

(b) For x # 4, determine the values of x for which the following inequality holds:

x+3
r—4
(c¢) There are three distinct points on a line.  There are four other points, none of
which is on the line and no three of which are collinear. = What is the great-
est number of triangles that can be formed using three of these seven points as
vertices?

< =2

5. (a) Show that

cosao +isina + 1 ) «
— = —i1cot —
cosa+isina — 1 2

(where i = v/—1).
(b) Show that the complex numbers z (= z + iy) which satisfy
|z —1—2i| =2|z+1— 24|
lie on a circle.  Find the centre and radius of this circle.

(c¢) Find also the set of complex numbers z which satisfy

2 —1—2i] = |z4+1—2i|.

6. Find the rational numbers a, b such that

f(a) = 1 o a i b
(22 43)2r+5) 22+3 20+5

Let x take the values 0,1,2,...,n.
Compute f(0) + f(1) + ... + f(n). Deduce that the area between the curve

y = f(x) and the positive z-axis is at most 5
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1. (a) Theline Ly : 3x — 2y + 7 =0 and Ly : bz + y + 3 = 0 intersect at
the point P. Find the equation of the line through P perpendicular
to L2.

(b) (i) Prove that
tan o — tan 3

t — = .
an(a = f) 1+ tanatan

(ii) L is the line tz + (t — 2)y + 4 = 0 where t € R. Given that the
angle between L and the line x — 3y +1 = 0 is 45°, find all the
possible values of t.

(¢) A circle has its centre in the first quadrant. The z-axis is a tangent
to the circle at the point (3,0). The circle cuts the y-axis at points
that are 8 units apart. Find the equation of the circle.

p.t.o.



2.

(a) The password for a mobile phone consists of five digits.

(i) How many passwords are possible?
(ii) How many of these passwords start with a 2 and finish with an
odd digit?
(b) Seven horses run in a race. All horses finish the race and no two
horses finish the race at the same time.
(i) In how many different orders can the seven horses finish the
race?

(ii) A person is asked to predict the correct order of the first three
horses to finish the race. How many different such predictions
can be made?

(iii) A person selects two of the seven horses at random. What is
the probability that the selected horses are the first two horses
to finish the race?

3. (a) Determine the coefficient of z3y> in (22 — y)°.

(b) Prove that if n is a positive integer, then

() () () ==

(c) Five points are marked on a plane. No three of them are
collinear. How many different triangles can be formed using
these points as vertices?

Two of the five points are labelled X and Y respectively. How
many of the above triangles have XY as a side?

4. (a) Differentiate with respect to x:

1
(i) In (%) (i) e®cosa;  (iii) sin(327);  (iv) 6$2+3+ﬁ‘

(b) Find the slope of the tangent to the curve x* + y> =  — 2 at
the point (3, —2).

p.t.o.



2

5. (a) Find the local maxima and minima of the function f(z) =™,
and sketch its graph. [Do NOT use graph paper.]

(b) A car moving in a straight line begins to slow down at a point
P in order to stop at a red traffic light at ). The distance of
the car from P, after ¢ seconds, is given by

3
=12t — —t?
° 2

where s is in metres.
(i) Find the speed of the car as it passes P.
(ii) Find the time taken to stop.
(iii) The car stops exactly at (). Find the distance from P to

Q.

6. (a) Evaluate the following integrals:

: 4 .. [? cosx
*dr; ERR—CC
(1)/xe x (11)/0 T
2 2 2
x+1 x4+ 22+ 2
de (i de.
(m)/o 222 (W)/O r+1 v

(b) Find the area enclosed between the parabola y = 4 — 2% and
the line 2z +y — 1= 0.
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(a) Let «, 7 and ~ be the three roots of the equation
=32+ 4 +5=0.

Determine the equation whose roots are g+ v, v + o, a + 3.

(b) Solve the equation

r+ V10— 22 = V2
for (=10 < = < V/10).

1
(a) For x > 5 solve the equation:

4

3
IOgSJ =1 -+ 1Og5 (m) .

(b) For x # 4, determine the values of & for which the following inequality holds:

T+ 3
< =2,
r—4
b 2ab
(¢) Let a, b be positive real numbers. Set A = (H— . G =+aband H = i
a

(i) Show that G = v AH.
(ii) Prove that A — G > 0 with equality if and only if a = b.
(iii) Deduce that A > G > H unless @ = b in which case show that A = G = H.

p-t.o.



3. (a) Let L be the line y +5 = 0 and M be the line # — 1 = 0. Verify that both lines
are at a (perpendicular) distance 2 from the point (3, —3). Find the equation of
the line @ through (1, —2) which is different from M but also a (perpendicular)
distance 2 from (3, —3). Find the equation of the line which halves the angle
formed by the lines L and Q.

(b) Let €' be the circle with centre at (3, —3) and L, M, @ as tangents. Verify that
the area of C' is greater than twice the area of the triangle formed by L, M, ¢).

4. (a) Solve the set of simultancous equations

v + oy — =z = 2
20+ 3y + 2z =7
4 — y + 3z = 8
(b) There are three distinct points on a line,  There are four other points, none of
which is on the line and no three of which are collinear. ~ What is the great-
est number of triangles that can be formed using three of these seven points as
vertices?

5. (a) Show that

cosa +isinae + 1 . o
— = —zcot —
cosav+isina — 1 2

(where i = Vv—1 ).

(b) Show that the complex numbers =z (= x + iy) which satisfy
|z —1—2i =2|z 41— 24
lic on a circle.  Find the centre and radius of this circle.
(c) Find also the set of complex numbers z which satisfy

o= 1— 2 = |z +1— 2.

6. Find the rational numbers a,b such that

1 a b

A 1 YE R Sl O s b
Let « take the values 0,1,2,...,n.
Compute f(0) + f(1) + ... + f(n). Deduce that the area between the curve

y = f(x) and the positive z-axis is at most 3
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(a) Find the equation of the line parallel to 3z — 2y = 4 that also
passes through the point of intersection of the lines 22 —y+6 = 0
and bz + 3y —4 = 0.

(b) (i) Prove that the measure of one of the angles between two lines

with slopes mq and msy is given by

ey — Mo

tanfl = ———.
1+ mymao

(i1) What is the measure of the other angle (in terms of )7

(6,1) and make an angle of 45% with the hne x 4+ 2y = 0.

(¢) A circle has the line y = 27 as a tangent at the point (2,4). The
circle also passes through the point (4, —2). Find the equation of
the circle.



(a) How many different 14 letter “words” can be made with the letters

of the word

INDIVISIBILITY 7

Of these “words”, how many of them have all the vowels together?

(b) A committee of 8 people is to be selected from 10 men and 10

WOIen.
How many different committees can be formed if:

there are no restrictions?”

there must be an equal number of men and women?
there must be an even number of women?

there must be more women than men?

there must be at least 1 man?

Prove that if n i1s a positive integer, then

2n 200N 1 /2n42
()+02)=30050)
Determine the coefficient of #4y® in (222 — 3y)°.
In a café there are 11 seats in a row at the counter. Six people
are seated at random at the counter.
How much more likely is it that all six are seated together
than that no two of them are seated together?

p.t.o.



(h)

Differentiate with respect to x:
3

R

A curve is defined by the equation 22y® + 4o + 2y = 12.

(ii) cos®(4z® +3)  (iii)e® (i) Tt2 — 4t + 5

dz
(1) Find Y in terms of = and y.
dx

(11) Show that the tangent to the curve at the point (0.6) is

also the tangent to it at the point (3,0).

202 — dx 44

Find the local maxima and minima of the function f(r) =

and sketch its graph. [Do NOT use graph paper]

;1.'*2

An object moves in a straight line such that its distance from
. - . - a - .
a fixed point is given by s = #2 + 2, where s is in metres

and 7 1s 1n seconds.
(1) Find the speed of the object when ¢ = 5 seconds.

(ii) Find the acceleration of the object when ¢ = 5 seconds.

Evaluate the following integrals:

(i) / (:sin 2z +(24I) dr (ii) / reosrdr (i) / sin z cos® o dr
0

Find the area enclosed between the parabola 22 — 62 + 7 and

the line y = 2 — 3.
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(a) One root of the equation
20t~ 2 - 1=0
is i, where i = v/~ 1. Find the other two roots of the equation.
(b} Find all values of the real number a for which the quadratic equation
2 fart+4=0

has real roots.
For what values of a is there a complex root with imaginary part equal to 7

(a) The numbers
34w, Sr—1, 143

are the first three terms in a geometric progression. Find the values of 2 and
the sum of the first n terms of each of the corresponding series.

(b) Let h(x) := 322 — 2. Show that the sum of the twenty numbers
R(1), h(2), h(2?),....h(2") is equal to

22(](22(] 1).

p.t.o.



3. (a) Pind the equation of the circle passing through the points (5,5), (4,8), (=7, -3),
the co ordinates of its centre and the length of the radius.
(b) Find the equation of the circle which touches the yaxis at the point (0, 3) and
passes through the point (1. 0). Hence find the co ordinates of its centre and the
length of its radius.

(¢) Find the radius and centre of the two cireles in the first quadrant touching both
the xaxis and the yaxis and the line 3z + 4y = 4.

1 .
4. (a) For = > 2 solve the equation:

(b) For x # 4, determine the values of o for which the following inequality holds:

@ +3
< —2.
@ —4
+ b 2ab
(c) Let a, b be positive real numbers. Set A = ¢ —, G = Vab and II = j—b‘
a

(i) Show that G = Vv AH.
(ii} Prove that A — G = 0 with equality if and only if a = b.
(iii) Deduce that A > G > H unless a = b in which case show that A = G = H.

5. (a) Prove that
sin fl
— = tan(#/2).
1+ cost 6/2)
e 1—u . .
For @ = 0, if sinfl = T2 express cosfl in terms of x. Hence, or otherwise show
T

that

T
tan (Z - E) = \ﬁ

cos (t’f’ - %) — 3sin (c,b—&- %) =1,

and henee find one value of ¢ which satisfies it.

(b) Simplify the equation

p-t.o.



6. (a) Determine & such that
(14 kn+ 20°)(1 — kn 4 2n%) = 1+ 4n".

Hence or otherwise find real numbers a and b such that

dn a n b
1+4n* " 1+kn+2n%  1—kn+ 202

(b} Using part (a) or otherwise, calculate

T 4"‘
= 2 T

By finding lrli—l-lzlc: 8., deduce that
> !
=11t

(¢) Find the least value of v such that

- 4k 999

L T50m ” Too
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(a) Find the equation of the line through the point (1,0) that also
passes through the point of intersection of the lines 22 —y+6 = 0
and 10z + 3y — 2= (.

(b) (i) Prove that the measure of one of the angles between two lines

with slopes my and ms is given hy

Ty Mg

tanfl = - .
L+ myms

(1) Find the equations of the two lines that pass through the point
(6, 1) and make an angle of 45° with the line @ + 2y = 0.
(c) S is the circle 2% + ? + 42 + 4y — 17 = 0 and K is the line
dr + 3y = 12.
(i) Show that the line K does not intersect S.

(i) Find the co-ordinates of the point on S that is closest to K.



2.

(a) How many different 13- letter “words”™ can be made with the letters
of the word

INTELLECTUALS 7

Of these “words”, how many of them have all the vowels together?

(b) A committee of 10 people is to be selected from 10 men and 10
womern.
How many different connittees can be formed if:

i) there are no restrictions?

(i

) there must be an equal number of men and women?
(iii) there must be an even nmumber of women?
(iv] there must be more women than men?

) there must be at least 7 men?

(v

3. (a) (i) In how many different ways can eight people be seated in
a row?

(ii) Three girls and five boys sit in a row, arranged at ran-
dom. Find the probability that the three girls are seated
together,

(iii) Three girls and n bovs sit in a row, arranged at random.
If the probability that the three girls are seated together
is ﬁ find the value of n.

(b) Prove that if n is a positive integer, then

(21.’>+( 2n )7;1(2'1-'+2>
n n—1,) 9\ n+1

(¢) Determine the coefficient of #%* in (2x — 3y)12.

p.t.o.



Differentiate with respect to z:
.'if:j

(@) V6 — 22

Determine which points on the curve y = 4 — 2% are closest
to the point (0, 2).

(i) tan® (42 +3) (i) €™ (iv) cos® y+sin’y

Find the local maxima and minima of the function f(z) = 5
i
and sketch its graph. [Do NOT use graph paper]

An object moves in a straight line such that its distance from
a fixed point is given by s = v/t + 1, where s is in metres
and 1 is in seconds.

(i) Find the speed of the object when £ = 5 seconds.

(ii) Find the acceleration of the object then t = 5 seconds.

Evaluate the following integrals:

(4)/ ({i.-at + 3+ ?) dx (u)/ asinwd (-i-i-i)/sin“i reos’ xdr
I a

Find the arca between the curve (parabola) y = 22 and the
line y = 2 — .

[ 20+ 4
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1. (a} Solve
4z*® — 102" —6 =0

(b} Given that = = 3 is a root of the equation
328 — 1827 + 33z — 18 =0

determine the other two roots.

(¢} Solve
V2r+3++vr-2=4

2. (a) Show that
cos(36) = 4cos @ — deos Bsin® # — Jeos?(8/2) + 3sin’(6/2).

(b} Show that
3 — dcos 20 + cos 48

-4
s # =
8

3. (a) If ex® + by® 4 cry + dT + ey + f = 0 is the equation of a circle with radius 5 and center
at {13}, determine the values of a, b, c,d, e, [
(b} Calculate the equation of the straight line between the point (1,1) and the center of the
circle 207 4+ 2% + do + 3y = 3.
(e} Suppose we have a square, whose side length is 2 and upper-right corner (vertex) is at
(4.4). Caleulate the equation of the circle that passes through the 4 corners (vertices)
of the square.

P.T.O.



4. (a) The effective broadcast area of a radio station is bounded by the circle 2 + * = 2, 500
where @ and ¥ are measured in miles, Another radio station’s broadeast area is bounded
by the circle {z — 100)* + {3 — 100)? = 900. Determine (with an explanation) if there is
any location that can receive both stations.

(b} Solve the set of simultaneous linear equations

r+2y+z=8
2e4+y—z=1
r+y—2z2=-3

5. (a) Caleulate all the roots of 2* + 16 = 0, where z is a complex number.
(b) Evaluate (1 —iy/3)"® where i = v—T.

[¢] Simplify
(3 — 3i)*
(V3 +a)F

6. {a) Determine whether the following sequences (given by their general term T),) converge or
diverge, and in the case of convergence, calenlate limg, ., T,

() ~
T, = r\_]:|u+l'["B - }
(ii]
T—;I _ COs T
T
(i)

i

(b) How many terms of the series 14+ 3 4 94 27+ ... are required for the sum to be greater
than 20 terms of the series 10+ 20 + 40+ 80 +... 7
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1. (a) Write down the third and fifth terms in the expansion of
(i) (3z —2y)°
(ii) (a+b)"
(b} Solve the following equation for n:
n!

m = 9. 900

(e} Prove that, for n = 0,

fl_k n -
UOR

2. (a) Write down the repeating decimal 1.24123123123 ... as a rational number,
(b} Determine the following sums:
(i)
G gn—l -1

Y

n=1
(i} . 0
n
E (2n—1)%(2r +1)?

3. (a) In how many different ways can 5 people be seated at a round table?

(b} A class consists of 15 men and 8§ women. In how many different ways can a tag-rughy
team be chosen with 3 men and 3 women?

(e} In how many different ways can the letters in the word number be arranged if the e and
r cannot be side by side?

P.T.0.



4. (a) Differentiate with respect to x

(i) tan(5 —sin2z) (i) %{33 -2 4+ (4- 21?3—1 (iif) M 2=

(b} Water runs in to a conical tank at the rate of 2 cubic metres per minute. The tank
stands point down and has a height of 3 metres and a base radius of 1.5 metres. How
fast is the water level rising when the water is 2 metres deep?

5. A window is in the form of a rectangle surmounted by a semicirele. The rectangle is of clear
glass, while the semicircle is of tinted glass that transmits only half as much light per unit
area as clear glass does. The total perimeter is fixed (call it P). Find the proportions of the
window (specifically: the ratio of the height to the width of the rectangular part) that will
admit the most light.

6. (a] Evaluate the following integrals:

I A L. s N .
[I]f ﬁdr (i1} f‘; m (iii) fg\—mdﬂ [iv) f_] 2rsin(l — z°)dz

(b) Find the area between the curve y = = and the line y = §z.
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L. {a) Is there a number x which is one less than its cube? If so, find the value of r accurate
to one decimal place.

(b} Given that = =1 is a root of the equation
22% — 52 — bz +0 =0

determine the other twao roots.
{c) By setting v = 2 or otherwise, find all the roots of the equation x* — 2022 + 100 = 0.

2. (a) Show that
1

——— —tanf + cot .
sinéd cos

(b} Show that
sin #
tané’

cos(% + 8) + cos(f — %) =

3. (a) Cis thecirele x*+y®—6x—4y—36 = 0 of centre p. Kis the circle 24 ¢* —6z—8y—11 =0
of centre g. Caleulate the equation of the straight line between p and q.

ib) Calculate the mid-point between (7,9) and the center of the circle #2+y? —4z—dy+4 = 0.

{c) Determine if the points (5,4),(—1,3) and {—2, —7) are inside, on or outside the circle
w4+ y* —6r — 4y — 36 =0,

P.T.0.



4. (a) Find whether, and if so where, the lines (a) u=2r -4, (b) 3u =z + 1L (c) =3z +6
cut the circle 22 — dr + ¢% — 2y — 5 = 0.

{b) Solve the set of simultanecus linear equations

r+3y+z=8

(a) Caleulate all the roots of z — i~1/* = 0, where 2 is a complex number and i = 1.
{b) Ewvaluate 2 when = = 3 +i.
{e) Find (3 + 3i)1°.

[

6. (a) For each of the following sequences, determine lim,, .. T,,, where T}, is

(1)
1+22+32 442+ .. +n?
oz
(i1)
gt 4 gl
5 7
(i)
n?
Vet 1

{b) How many terms of the series 1 + 24+ 4+ 84 ... are required for the sum to he greater
than a million?
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L. (a) Write down and simplity the first four terms in the expansion of
(1) (32 + 3)
(ii) (22 — u)'2
(b} Prove that

where

{c] Prove that

2. (a) Write down the repeating decimal 2.31717171717. .. as a rational nnmber.
(b) Determine the following sums:

(1)

(i)

P.T.0n.



=

How many different 8 letter “words™ can he formed from the letters of the word GAILLIMH?
Explain your answer. How many of these “words”

(a
(b
(c
(d

B

)
)
)
)

)

R

—

have the letter G after the letter H (not necessarily immediately after)?
have A and M beside one another (in either order - AM or MA)7

have all the vowels next to one another?

begin and end with the letter L7

Differentiate with respect to =

L2 .. sin2 —x) o mn® oo
(i) 73 Tz (i) st (z) (iii) e

Determine which points on the graph of x? +w — 10 = 0 are closest to the point (0,0).

A frame is to be made for a painting which will be in the shape of a rectangle surmounted
by a semicirele (the length of the diameter of the semicircle equals the width of the
rectangle ). Five metres of wood is available to make the frame. How should the frame
be constructed to enclose the greatest possible area? Caleulate this (maximum) area (in
square metres).

Ewvaluate the following integrals:

(i) f Peincde (i) fﬂi‘aL (311) f codrdz  (iv) f 7 sy de
1/2 T2 4 4r — 12 0

Find the area hetween the curve (parabola) w = 3272 /4 and the line y = 4z — 1.
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1. (a) Is there a number = which is one less than its cube? If so, find the value of = accurate
to one decimal place.

(b) Given that » = —3 is a root of the equation
2?4322 —Tr —21=0
determine the other two roots.
(e) Find all values of k for which = = 1 is a root of the equation

B2 —The +10=0.

2. (a) Show that
sin20  cos2¢ p
- =secf.

sin # cosfl

(b) Show that

cos(g +0)+ cos(g — ) =cosf.

3. (a) Cisthecircle 22 442 —62—4y—36 = 0 of centre p. K is the circle 22 +12+102+4y+20 = 0
of centre q. Calculate the mid-point between p and q.

(h) Calculate the distance from the point (7,8) to the center of the circle 2 +y? —4z—4y+4 =
0.

(¢) Determine if the points (5,3),(—1,4) and (-2, —3) are inside, on or outside the circle
22 4 y? — bz —8y—11=0.

P.T.O.



o

=

=

(b

)

Consider two points p; and ps on a circle €' and two points gy and ¢ on a circle C5.
(1 does not intersect C'y. Additionally, the line through gy, g2 does not intersect €'y, but
the line through p,, po intersects €5 at ¢, and also passes through the center ¢p of .
Determine how many different triangles can be made from the five points py. p2. 91. g2, 2.

Solve the set of simultaneous linear equations

y—3z=-=5h
2043y —2="7
44+ 5by —22 =10

Find the four fourth roots of —16 (i.e. the four possible values of z such that =* = —16).
Write

1+iV3

1-iV3
in the form re'? where r > 0 and —r < # < 7.

Write

10 9

z
z41
in the form x + 4y, where x and y are real numbers, and z = 1 + 4.

—Zz

For each of the following sequences, determine lim,, ... T,,, where T}, is
(i) n/(Zn+1)

(i) 10" /n!

(iii) 3—1/n

Determine

| e

?..
Il
o

Find the rational number represented by the repeating decimal 0.734784784...
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1. (a) Show that no term in the expansion of

9 7,20
(ﬁ - ‘)
T
is independent of . Determine the coefficient of = in the expansion.

(b) Prove that

where

2. Determine the following sums:

) |
32k|31—f\,
(b)
i 1
2T+ T)
EC] k+2
oo gkt
Z -1
k=1

P.T.O.



3.

[

How many different 10 letter “words” can be formed from the letters of the word BRATISLA-
VA? Explain vour answer. How many of these “words”
(a) have two A’s together?
(b) have three A's together?
(¢) begin and end with the letter A7
)

(d) begin with the three A’s?

(a) Differentiate with respect to @

(i) sin®(vZ)cos(2®) (i) ﬁ

(b) Determine which points on the graph of y = 8 — 22 are closest to the point (1, —3).

(a) A closed cylindrical can is to hold one litre (1,000 cubic centimetres) of liquid. How
should we chose the height and radius of the can to minimize the amount of material
needed to make it? If instead we consider a eylindrical can which is open at the top.
what is the result?

(a) Evaluate the following integrals:

/4 4/5 da

(i) f:rcos:rdw (i1) cos fBy/sin# 4+ 1 df (i) fsm rdr (iii) f3f4 P

0

(b) Find the area between the curve (parabola) y = 222/3 and the line y = 42 — 1.
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1. (a) Find the roots e, 8, of the equation
z® — 1522 4+ 66z —80 =0

given that the roots are in arithmetic progression.

(b) Let o and S be the two roots of the equation

22— 6z 4+3=0.
Determine the value of o® + 2.
2. (a) Show that ‘
cos@—1
Sy i tan(9/2)

(b) Show that
cos46 — 1 = 8sin*§ — 8sin? @

3. (a) Cisthecircle 22442 —6z—8y—11 = 0 of centre p. K is the circle 22 +42+10z+4y+20 = 0
of centre ¢. Calculate |pq|.

(b) A line containing the point P with coordinates (7,6) touches the circle 22 4 y2 — 4z —
4y +4 = 0 at the point @. Calculate the distance PQ.

(c) Determine if the points (5,3),(—1,4) and (—2,—3) are inside, on or outside the circle
224 y2 -6z —4dy—T7=0.

P.T.O.




4. (a) There are four points on a line L and five points on a circle C. L and C do not intersect,
and none of the four points on L are colinear with any pair of the five points on C.
What is the greatest number of triangles that can be formed from any three of these
nine points?

(b) Solve the set of simultaneous linear equations

dr+y—22=3
—r—y+z=3
—4r -2y +3z=-2

5. (a) By writing z = v/3 + ¢ (where § = 4/=1) in modulus-argument form (or otherwise),
calculate (2/2)2005.

(b) Find v/-5 + 127 in the form z + iy, where z and y are real numbers.

(c) Write

2 10

z—1

in the form z -+ iy, where = and y are real numbers, and z =1 — 1.

6. (a) Find rational numbers a and b such that

1 _a . b
(k+5)(k+7)  k+5 k+7

Hence (or otherwise) calculate

3

1

5= L TRk

k

By finding limy,—; 0 Sy, deduce that
oty
ZF+5)k+7) 60
(b) Find the least value of r such that

T 1 1
I;,(k+5)(k+7) >
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1. (a) Calculate whether or not any term in the expansion of

(ﬂ_ﬁ%)m

is independent of z. Determine the coefficient of x=7 in the expansion.
(b) Prove that

(3)+(3): () (2)-(2)-

[ | =
( r ) ( T)!’r! and 0! 1.

where

2. (a) A ball is dropped from a height of 5 metres and begins bouncing. Each bounce is 2/3
the height of the previous bounce. Find the total vertical distance travelled by the ball.

(b) Consider the sequence a, where

3 (K2 +1)n
n = 2—kn

and % is a constant. Find the limit of the sequence when & is two. Also, find ¥ when the
limit of the sequence is 2.

P.T.O.




(a) How many different 11 letter “words” can be formed from the letters of the word MATH-
EMATICS? Explain your answer. How many of these “words” have the two T’s together?
How many have two A’s followed by two M’s?

(b) If repetition is not allowed
(i) How many 3-digit numbers can be formed from the set {2,3,4,5,6,7,8}7
(ii) How many of these are even numbers?
(iii) How many are odd numbers between 500 and 6007

(a) Differentiate with respect to =

(1) 1’;_'_—_;2 (ii) sin®(4x) cos(z) (iii) @

(b) Determine which points on the graph of y = 4 — x2 are closest to the point (0,0) (i.e.
the origin).

(a) A frame is to be made for a painting which will be in the shape of a rectangle surmounted
by an equilateral triangle (the length of the base of the triangle equals the width of the
rectangle). Five metres of wood is available to make the frame. How should the frame
be constructed to enclose the greatest possible area? Calculate this (maximum) area (in
square metres).

(a) Evaluate the following integrals:

2 /4
Q) / esinzde (i) /0 AVBFlde (i) /0 sinfrde (i) / #ZHO

(b) Find the area between the curve (parabola) y = 222 and the line y = 5z — 3.
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1. (a) Let a, § and 7y be the three roots of the equation
322 +z+2=0.
Determine the value of o® + 8% + 7.
(b) Find the roots a, B, v of the equation
32% — 262% 4+ 522 — 24 =0.

given that the roots are in geometric progression.

2. (a) Prove that .
=92

tan V3

(b) Let @, 8,7 be the three angles of an arbitrary triangle. Prove

that
tana + tan B + tany = tan atan ftany.

(¢) For a given constant k, find all values of 8 which satisfy
cos k6 — cos(k +2)0 = siné
p.t.o.




3. (a) Find the equation of the circle passing through the three points
(5,5), (4,8), (—7, —3), the co—ordinates of its centre and the length
. of the radius.
(b) Find the equation of the circle which touches the y-axis at the
~ point (0, 3) and passes through the point (1, 0). Hence find the
co-ordinates of its centre and the length of its radius.

(c) Find the radius and centre of the two circles in the first quadrant
touching both the z-axis and the y—axis and the line 3z + 4y = 4.

1
4. (a) Forz > 3 solve the equation:

logsz =1+ logg (2‘1—{1—) .

(b) For z # 4, determine the values of z for which the following
inequality holds:
z+3

$_4<—2.

(c) Let a, b be positive real numbers.

a+b 2ab
Set A= ——, G—\/EandH—m.

(i) Show that G = v/ AH.

(ii) Prove that A — G > 0 with equality if and only if a = b.
(iii) Deduce that A > G > H unless a = b, in which case show
that A=G=H.

p.t.o.




5. (a) Write the complex number w = -8+ 8v/3i in modulus-argument
form, ie in the form r(cosd + isinf) (where i = v/-1).

(b) Using De Moivre’s Theorem or otherwise, show that z = V3+i

satisfies z¢ = —8 + 8/3i.
Find the other three roots of the equation

2t = —8+8V3.

(¢) Find the square roots of the complex number —5 + 12i

6. (a) Find real numbers a and b such that

1 __a + b
42 -1 2k—1 2k+1°

Hence, or otherwise calculate
n
1
Spi= Y = .
” ,fv;: 4k -1
By finding nlgxgo 3y, deduce that

1 .1
4k -1 2

Ms

k=1

(b) Find the least value of 7 such that

’ 1 99

—>.—
,§4k2-1 200
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1. (a) Find the term independent of z, ie the constant term, in the bi-
nomial expansion of
2 10
(ve-2) -
12
find
(i) the value of the greatest coefficient
(ii) the value of the greatest term when z =

(b) From the expansion of (1 + 2%)

alw

2. (a) How many different 11-letter “words” can be made with the letters
of the word

NINCOMPOOPS ?

Of these “words”, how many of them have all the vowels together?
p.t.o.




(b) A committee of 8 people is to be selected from 10 men and 8
women. .
How many different committees can be formed if:
(i) there are no restrictions?
(ii) there must be an equal number of men and women?
(iii) there must be an even number of women?
(iv) there must be more women than men?
(v) there must be at least 7 men?

3. (a) Prove that if n is a positive integer, then

(2n)+ 2n )_i 2n+2)
n n—-1/" 2\ n+1

(b) Prove that for any positive integer n

n n n n n
(0)-(D+(G)-G)+-=(3) =0

(¢) (i) In how many ways can 5 different postcards be sent to
three people?
(ii) In how many ways can 3 different postcards be sent to
five people?
(iii) In how many ways can 3 different postcards be sent to
five people such that no person gets more than one postcard?

4. (a) Differentiate with respect to z:
4
(@) ——___6”‘_ = (i) cos’(s* +3) (i#i) (sin™'2)° (i) 2zlnz

(b) Determine which points on the curve y = 4 ~ 22 are closest
to the point (0, 2).




5. (a) Find the local maxima and minima of the function f(z) =
2z3 — 322 — 12z + 11, and sketch its graph. [Do NOT use

graph paper]
How many real roots does f(z) = 0 have?

(b) Find the equation of the tangent to f(z) at the point z = 0.

6. (a) Evaluate the following integrals:
N . .4 3 Lo dz
(z)/o zcoszdz (u)/sm zcos® zdz (zlz)/——zz_7z+12

(b) Find the area between the curve (parabola) y = z2 and the
liney=2-uz.




1.

2.
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(2) Let @ and A be the two roots of the equation
-6z +2=0.

Determine the velue of a® + £°.
(b) Let o and 3 and -y be the roots of

£+t +z+1=0

Prove that
2003 4 A0S 4 P08 gy By

(i) Show that
siné - ta [4

14cos8 - m3

1=z

itz =

(it} If sin@ =

tan (% - g) = /1.

cos(y—%)—3sin(y+§)=l

and hence (or otherwise) find one value of ¥ which. satisfies it.

(ii1) Simplify the equation

(x> 0), expresscos@in terms of 7 and hence show that

p-t.o.




{a) The equation of a circle is
(z+9z+3)+y-2AF+2)=0
Find the centre of the circle and the Jength of its radius.
(b) The z—axis is a tangent to the circle
4+ + 29z + 2fy+c=0.
Prove that g% = c. '

(¢} The z-axis is tangent to a circle at the point (3, 0). The point (=1, 4) is on the
circle. Find the centre of the circle, the equation of the circle and the length of
its radius.

ia) Solve the simultaneous equations:

2r -3y = 1
2oy -4y = 2
(b) For « > % solve the equation:
log,z =1+ log (———3—) .
g5 s\az -1
(c) For z #4, determine the values of z for which the following inequality holds:
z+3
< —2.
(a) Show that
cosa +isina+1 . 4
e = = COL

cosa+isina ~1 2
{(where i = v ~1).
(b) Show that the complex mumbers z (=2 + iy) which satisfy
lz=1=2i = 202+ 1~ 24|
lic on a circle.  Find the centre and radius of this circle.
(c) Find also the set of complex numbers z which satisfy

iz=1—2=l2+1-2

[N




6. (a) Find real numbers a and & such that
D! 3 b

o1l =1t 1

Hence, or atherwise calculate

-~ I
Sp = g
,{2;1 w1
By finding L $n, deduce that
R
a1 2
(b) Find the least value of r such that
)
4k2—1 " 200

k=1
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1. (a) Let the cubic polynomial f(z) have the factorisation:
f(z) = (z = i)(z +f‘az +)

where 7 = /-1 and a and b are real numbers Determine the numbers a, b anc
hence find the roots of f(z) = 0. P

+'i’ where 1 = 1/—1.

(b) For an arbitrary complex number z (# i) let u equal j

i. Find the set of numbers z for which |u| = 1.
ii. Show that u is a real number if and only 1f zis 1mag1nary (exclud.mv z=1).
iii. Express z in terms of u.

(c) Write the complex number 1—1 in modulus—argument form, and using de Mowre s
Theorem, or otherwise, find (1 ~ ).

2. (a) How many different 13-letter “words” can be..r'r_lade with the letters of the word
INTELLECTUALS ? '

Of these “words”, how many of them have all-the vowels together? p-t.o.-



(b) A committee of 10 people is to be selected from 10 men and 10 women.
How many different committees can be formed if:

(1) there are no restrictions? :
(1) there must be an equal number of men and women?
(iii) there must be an even number of women?
(iv) there must be more women than men?
(v) there must be at least 7 men?

3. (&) Prove that if n is a positive integer, then
()
A\n n—1 2\ n+1
(b) Prove that for any positive integer n
(3)+(2) e~ (3)+ ()
)2,

(¢) Determine the coefficient of z°%® in (2z — 3y

4. (a) Differentiate with respect to z:
3
R z . 8 3 .o\ Tx® . 2 a2
(i) === (i) tan®(4z° + 3) (iii)e () cos*y +sin’y
V6 — z2

(b) Determine which points on the curve y = 4 —z? are closest to the point (0, 2).

7?2~ 2z +4

Lz -2 ’an.d

5. (2) Find the local maxima and minima of the function f(z) =

sketch its graph. [Do NOT use graph paper]
(b) Show that 7+ 7 .
(@) -2) =0

and thus deduce that the line y =  is an asymptote to f(z).

6. (a) ‘Evaluate the following integrals:

(z)fxsmzdx (zz)/sm T cos :rdz (7.11)/———5—:5-_‘-_—6

(b) Find the area between the curve (parabola) y = z? and the line y = 2 — z.
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(2) Let o and § be the two roots of the equation
B ) 724z 49 =o
Determine the value of o® + 42. Find the equ:%tion whose roots are ¢ and 2. »
(b) The integers a, b, ¢, andn are such that z = TL‘.LS one oot of the equation
z3+az2+bz+é'= 0.
V‘Prove th;t n vdivides c. Hence, or otherwise, find the three roots of the équation\
13—4zz+2x—161 =0

given that one root is an integer.

(2) Find the sum of all the natural numbers less than 2002 which are divisible by 7.

(b) The numbers :
34z, S5z—1, 143z

are the first three terms in an arithmetic prégression. Find the value of z and .~

‘the sum of the first n’terms of the corresponding series.

(c) Show that
2 1 1

nn+)(n+2) n n+l +n+2'

_Hence, or othewise, determine

& 1 :
> nn+1)(n+2)

n=1




3.

4.

5.

6.

(a) Let ! be the line
y+5=0

and k be the line
z—1=0.

Verify that both lines are a distance 2 from the point (3, —3). Find the equation
of the line g through (1, —2) which is different from k, but also a distance 2
from the point (3, —3). Find the equation of the (internal) bisector of the angle

between [ and g.

(b) Let C be the circle with centre at (3, —3) and {, k, g as tangents. Verify that the
area of C' is greater than twice the area of the triangle formed by the three Lines
I, kand g. : ) :

SREA &G L RS ELELe L

(2) Express acos ¢ + bsin ¢ in the form k cos(¢ — @) where & depends on a and b.
(b) For what values of z does the equation a cos ¢ +bsing = z have a solution?
Hence or otherwise solve the equation i

cos¢++3sing =1 for 0 < ¢ < 27.

o) Fa —.’—A,B + o= 51‘80"; prove that tan a + tan f + tany = tan o tan ftany.

(2) Writing 1~1, where i = /~1 in modulus—argument form (or otherwise), calculate

(1 — )22,
(b) Find +/20 — 21 (where 1 = +/=1) in the form z + iy where z and y are real
numbers. :

(¢) Consider an arbitrary complex number z (= z + 4y) where i = /=1 . For what
z+3 22430

values of z and y does T30 P héld? : st ot e
(2) Find the rational numbers a,b such that
1 a b

IO = e o=+ " =+s Tmas

(b) Let z take the values 0,1,2,...,7. 'Co;npute FO)+ f2)+...+ f(n). Deduce

* that the area between the curvé y = f(z) and the positive z-axis is at most 5

(8]
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1. (a) Find the term independent of z in the binomial expansion of

CE AN
3 2z)
. 12
(b) From the expansion of (1 + ilg) find
(i) the value of the greatest coefficient;

9"
(ii) the value of the greatest term when z = §

2. Let A, B,C be the three angles in a triangle and let a,b, ¢ be th&Téfigths of thie sidés
opposite the respective angles A, B,C. Let r denote the radius of the circle inscribed
in the triangle (and tangent to the sides of the triangle).

PROVE: S

a+b+c

7 the so—called

(a) A = sr where A is the area of the tria.ngle:::_:sand s =
semi-perimeter of the triangle.

(b) r (Cot g + coic %) = a. . '
B . C

(e) 'rcosé =a (sin——sin —) .
2 272

P.T.O.



3.

(a) Evaluate the following integrals:

(a) Solve the simultaneous equations:

SEENEN
< |~

(b) I '
ad be cf

b-c ¢—a a—b
for arbitrary numbers a,b,c,d, e, f with a # b, b # ¢ c;é a, prove that ad +
be+cf =0.
1~ (k+1)n

2+kn
(i) Find the limit of the sequence when k = 2.

(i1} Find k when the limit of the sequence is 2.

(c) Consider the sequence a,,, where a, = , and k is a constant.

(a) Show that y = Ae® + Be®**, where A and B are constants, is a solution of the

equation:
d?y d
— 2y = O
dz? 3 + y
dy
leenthaty—lWhen:r——Oandd——Owhenz—O find A4 and B.-
(b) Sketch the graph of : Sl
2z
y =

T+ 1
for z > 0 and ﬁnd the equation of the tangen‘t to the curve at £ = 1.

(a) Find the dimensions of the largest (in area) rectangle the perimeter of which has
length 200cm. : . o

(b) Find the vohime of the solid generated by revolvmg the curve y = z2 + 1 about
the z—axis for 0 < z < 2.

; .

/2 - ’
/ T cosT dz; / \/14 +1 d:r / cos® z dz.
i

(b) Sketch the graphs of the functions y = z° and y = 3z — 2 (do NOT use graph
paper) and find the area between their graphs_ , '
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1. (a) The coordinates of three vertices of a parallelogram ABCD are:
A(=5,1), B(2,4),C(1,1).

calculate the area of the parallelogram

(b) A line divides a circle of radius length 2 into two unequal arcs. Given that the

length of the smaller arc is %, determine the area of the region bounded by the
smaller arc and the line.

(¢) Determine all the values of 8, where 0 < § < 27, such that sin? = 1 — cos 6.

1
2. (a) For z > 3 solve the equation:

3
1Og5 rx=1 —+ 1Og5 <2x—1> .

(b) Find the sum of all the natural numbers less than 2015 which are divisible by 7.

(c) The volume of a rectangular solid is 8cm®, and its total surface area is 32cm?.
The three dimensions (length, width and height) are in geometric progression
(a, ar, ar?). Determine the sum of the length of all the 12 edges of the solid (in
cm).

p-t.o.



3.

(a) Find the equation of the circle passing through the points (5,5), (4,8), (=7, —3),
the co—ordinates of its centre and the length of the radius.

(b) Find the equation of the circle which touches the y—axis at the point (0, 3) and
passes through the point (1, 0). Hence find the co—ordinates of its centre and the
length of its radius.

(c¢) Find the radius and centre of the two circles in the first quadrant touching both
the r—axis and the y—axis and the line 3z + 4y = 4.

(a) If (z, y) is a solution to the system of equations (7), (i7) below

vy = 8 Q
2 2 _ ..
ry+zy +rx+y = 63 (17)
determine the value of 2% + y2.

(b) There are four points on a line. There are four other points, none of which is
on the line and no three of which are collinear. What is the greatest number of
triangles that can be formed using three of these eight points as vertices?

1 n 7
2 V2
1 i\
determine | —= + — here 1 = v —1).
(3t s) (sterei =D
2z — 31

(b) Determine the complex number z such that = —5 44 (where i = v/—1).
z

(c) Show that the complex numbers z (= z + iy) which satisfy
|z —1—i] =2z +1— 2§

(a) Writing in modulus-argument form (or otherwise),

lie on a circle.  Find the centre and radius of this circle.

(a) Consider the function f(z) := In(1+ z?). Calculate the first derivative f'(z), also
2

d d
written df Calculate the second derivative f”(x), also written el
x z
Hence or otherwise show that f(z) has a minimum at # = 0 and two points of

inflection at x = +1.
(b) Find the rational numbers a, b such that

1 a b

J(x) = (x+5)(x+7) :a:+5+x—|—7'

Let x take the values 0,1,2,...,n.
Compute f(0) + f(1) + ... + f(n).  Deduce that the area between the curve
11

y = f(z) and the positive x-axis is at most 0"
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1. (a) Find the equations of the lines represented by the equation
222 + by — 3y* + T + 14y + 5 = 0.

(b) A line containing the point P with coordinates (5,6) touches the circle 22 + y* —
4 — 4y + 4 = 0 at the point ().  Calculate the distance PQ.

(c) The lines Ly : 3x +4y+4 = 0 and Ly : bx + 12y + 28 = 0 cut the x-axis at
points A and B respectively.  Let K be a point in the segment [AB]| which is

equidistant from L; and Ly. Find (i) the coordinates of K and (ii) this distance
from L; and Lo.

2. Let A, B, C be the three angles in a triangle and let a, b, ¢ be the lengths of the sides
opposite the respective angles A, B, C. Let r denote the radius of the circle inscribed

in the triangle (and tangent to the sides of the triangle).
PROVE:

a+b+c

(a) A = sr where A is the area of the triangle and s = 5

, the so—called
semi—perimeter of the triangle.

B C
(b) r (cot Bl + cot 2> =a.

) reos = a (s 2 )
C TCOS2—CL sm2$1n2 .

p-t.o.



3.

(a) How many different 15-letter “words” can be formed from the letters of the word
UNPREPOSSESSING? Explain your answer. [Note that interchanging any
of the four letters S among themselves does not give a different “word”.]

How many of these “words” have all four S’s together?

(b) If repetitions are NOT allowed

(i) how many 3-digit numbers can be formed from the set {3,4,5,6,7,8,9}7
(ii) How many of these are ODD numbers?
(iii) How many are greater than 6007
(iv) How many are divisible by 47

(a) Show that y = Ae” + Be?®, where A and B are constants, is a solution of the

equation:
d’y . dy
— —3—=+42y=0.
dx? dz oy
d
Given that y = 1 when z = 0, and d—y = 0 when x = 0, determine the value of
x
the constants A and B.
(b) Consider the curve
2z
v= r+1

for x > 0. By differentiating y with respect to xz, or otherwise, find the equation
of the tangent to the curve at x = 1.

(a) Differentiate with respect to x:

N\ . Jrt+ 1
(i) (sinz) (ii) st (ili) 2z Inz.

(b) Find the maxima and minima of the function
flz) = 2° —2® —x +2.

and sketch its graph on the interval (—2,2) (do NOT use graph paper). How
many real roots does the function f(x) have?

(a) Evaluate the following integrals:

1 /2
/ sindx dx; / 20V 1?2 + 1 dx; / sin® = dz.
0

0

(b) Sketch the graphs of the functions y = z? and y = 2 — z (do NOT use graph
paper) and find the area between their graphs.
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